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Abstract: We extend the differential form representation of N = (n, n) supersymmetric
quantum mechanics to the superconformal case. We identify the superalgebras occurring
for n = 1, 2, 4, give necessary and sufficient conditions for their existence, and give ex-
plicit geometric constructions of their generators and commutation relations. Quantum
mechanics on the moduli space of instantons is considered as an example.
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1 Introduction
Quantum mechanical systems with superconformal symmetry arise in a variety of contexts
in field theory, typically as special limits or truncations of superconformal field theories.
For instance, the low energy moduli space dynamics of BPS solitons is a supersymmetric
mechanical model which may also be conformally invariant if the underlying field theory is
superconformal. A classic example, which we consider in section 3.5, is quantum mechanics
on the moduli space Mk,N of k SU(N) Yang-Mills instantons on R4. This arises in the
discrete light cone quantisation of the (2, 0) theory on N M5-branes [1] and its superalgebra
has been understood from this point of view. We give an alternative construction via the
hyper-Ka¨hler quotient [2] which can be understood as a sufficient condition to obtain one
N = (4, 4) superconformal model from another. Superconformal mechanical models also
have a surprising connection to the near-horizon geometry of extremal black holes, tying
in with the AdS2/CFT1 correspondence [3–6].
It has been known for some time that the structure of supersymmetric quantum me-
chanics is closely tied to the geometry of the target manifold M [7–10], and it is this
formalism that we exploit in constructing our superconformal algebras. In particular, we
work almost exclusively in the language of wavefunctions, which in the supersymmetric
context means the complex differential forms Ω∗(M ;C). Alternative approaches include
the constructions of [11, 12] using worldline differential operators, and a variety of super-
space formulations reviewed in [13]. Our construction naturally extends the work of [14],
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which constructs the supersymmetry algebra and R-symmetry generators of the models
we are interested in and explains the link to (hyper-)Ka¨hler geometry. The necessary and
sufficient conditions we derive are in parallel with those of [15], which considers a similar
problem in the case of chiral N = (0, n) superconformal mechanics, and many of our ini-
tial ansa¨tze for the forms of operators are inspired by their work. It’s worth noting that
remarkably similar structures to those we derive have appeared in the context of higher
spin superparticles and the worldline formulation of higher form gauge fields [16, 17].
In section 2 we review the relation of SUSY to the differential form language of [8, 9]
and the conditions for existence of extended supersymmetry [7, 14]. In section 3 we derive
our main results and consider the example of instanton quantum mechanics. In each case,
the explicit form of all generators and their commutation relations are given in an appendix.
In summary, we find that:
• N = (1, 1) supersymmetry extends to su(1, 1|1) superconformal invariance if and only
if the Riemannian manifold M admits a homothety LDg = 2g which is closed in the
sense that Dµ = ∂µK for some function K satisfying K =
1
2g
µν∂µK∂νK.
• N = (2, 2) SUSY on a Ka¨hler manifold extends to u(1, 1|2) if and only if the homo-
thety is also holomorphic, so LDI = 0, and the function K is the Ka¨hler potential.1
• N = (4, 4) SUSY on a hyper-Ka¨hler manifold extends to a real form of osp(4|4) if
and only if the conditions of the Ka¨hler case are met with respect to each complex
structure. In particular K must be a hyper-Ka¨hler potential, which we show to
always exist in our models.
These results for N = (1, 1) and (4, 4) are in line with expectations from the established
literature on superconformal mechanics (see [13] and references therein for a fairly recent
review). In particular, the superalgebras obtained fit into the classifications of [18, 19]. In
the case of 4 supercharges, there are a number of models in the literature [15, 20–22] which
admit the larger D(2, 1;α) invariance. It should be emphasised that the fermionic content
of our model is subtly different to these cases (being of type (2, 2) rather than (0, 4)) and
that there is no conflict in the fact that the symmetry appears not to extend to D(2, 1;α).
While we do not claim to make a definitive no-go statement in this direction, we comment
on a possible obstruction in section 2.1.
2 Supersymmetric quantum mechanics
In this section we review the representation of supersymmetric QM in terms of the exterior
algebra Ω∗(M ;C). Our basic model is that of [7], namely the N = (1, 1) supersymmetric
extension of geodesic motion on a Riemannian manifold (M, g):
S =
1
2
∫
dt gµνX˙
µX˙ν + igµνψ¯
µγ0
D
Dt
ψν +
1
6
Rµνρσ
(
ψ¯µψρ
) (
ψ¯νψσ
)
(2.1)
1The Ka¨hler potential is not really a function, rather a section of a line bundle. This issue is discussed
in section 3.3.
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Here Xµ are coordinates on M and ψµ are their 2-component Majorana fermionic super-
partners, to be understood as Grassmann-odd sections of the complexified tangent bundle
T (M ;C). D/Dt is the appropriate covariant derivative
D
Dt
ψµ = ∇X˙ψµ = ψ˙µ + X˙νΓµνρψρ
and we work in a basis where
ψµA =
1√
2
(
ψµ
ψµ†
)
, γ0 = −σ3, ψ¯ = ψ†γ0.
The model is by construction invariant under the N = (1, 1) supersymmetry
δXµ = ¯ψµ (2.2a)
δψµA = −iX˙µ(γ0)A − Γµνρ(¯ψν)ψρA (2.2b)
with corresponding Noether supercharge
QA = gµνX˙
µψνA. (2.3)
Alvarez-Gaume´ and Freedman have classified the manifolds for which this model admits
additional supersymmetries [7]. They find an extension to N = (2, 2) SUSY if and only if
M is Ka¨hler, so has a covariantly constant complex structure I such that the metric g is
Hermitian and the Ka¨hler form ωµν = I
ρ
µ gρν is closed. N = (4, 4) follows by demanding
that M is hyper-Ka¨hler, that is M has a triplet of complex structures Ia satisfying the
quaternion algebra
IaIb = −δab + abcIc
and is Ka¨hler with respect to all three. Furthermore, [7] shows that these additional super-
symmetries may be obtained via the replacement ψµA 7→ Iaµν ψνA, so that the additional
supercharges take the schematic form
QaA ∼ gµνX˙µIaνρ ψρA. (2.4)
Witten [8] demonstrated that the canonical quantisation of (2.1) leads to the exterior
algebra on M . More precisely, the canonical commutation relations for the fermions are
{ψµ, ψν} = 0,
{
ψµ, ψν†
}
= gµν , (2.5)
while the bosons obey the standard [Xµ, Pν ] = iδ
µ
ν . Note that the canonical bosonic
momentum Pµ does not commute with a fermion carrying a curved index
2 µ, and a more
natural choice is the covariant momentum
Πµ = gµνX˙
ν = Pµ − i2gνρψ¯νγ0Γρµσψσ
2For the purposes of canonical quantisation, one should work with a vielbein basis ψα = eαµψ
µ for the
fermions.
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defined in [15], which satisfies the commutation relations
[Xµ,Πν ] = iδ
µ
ν , [Πµ, ψ
ν ] = iΓνµρψ
ρ.
Canonical quantisation now proceeds as follows. In the purely bosonic case, the Hilbert
space H is identified with square-integrable complex wavefunctions 〈X|f〉 = f(X) on M
with the standard L2 inner product
〈α|β〉 =
∫
M
√
g αβ¯.
To extend to fermions, identify ψµ as annihilation operators and ψµ† as creation operators
and build a Fock space in the usual way. By virtue of the commutation relations (2.5), the
state
|α〉 = 1
r!
ψµ1† . . . ψµr† |αµ1...µr〉
can be identified with the r-form α with components αµ1...µr and the natural norm is simply
the L2 inner product
〈α|β〉 =
∫
M
α ∧ ∗β¯.
When M is not compact, we will typically need a stronger constraint on the decay of states
in H at infinity than just L2-normalisability to ensure that everything we do is well-defined.
For the most part we leave this implicit, but exponential decay will certainly suffice.
We arrive at the following dictionary between objects in QM and differential geometry:
QM DG
H Ω∗(M ;C)
|α〉 ∈ H α ∈ Ω∗
ψµ† dXµ∧
ψµ gµνi∂ν
Pµ −i∂µ
Πµ −i∇µ
(2.6)
where iV is the contraction of a vector field V with a form. Notice in particular that these
operators have adjoints
ψµ† = (ψµ)† , Π†µ = Πµ, f(X)
† = f¯(X).
2.1 Construction of the superalgebra
It is shown in [8, 9] that this model gives a particularly simple realisation of the supersym-
metry algebra. With the above identifications3 we see that the supercharges (2.3) become
Q = iψµ†Πµ 7→ d (2.7a)
Q† = −iΠµψµ 7→ d† (2.7b)
3Of course we make a convenient choice of operator ordering here.
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where d† = (−1)mr+m+1 ∗ d∗ is the usual coderivative and m = dimRM . The supersym-
metry algebra then gives {
Q,Q†
}
= 2H ⇒ H = 12∆
where ∆ = dd† + d†d is the Hodge Laplacian.
In the case of extended supersymmetry, the form of the supercharges (2.4) suggests
an identification with other derivatives on M such as the Dolbeault operator ∂. The exact
relationship is derived in [14], where the requirement of extended SUSY is shown to be
equivalent to the Ka¨hler identities. Recall that these read:
[ω∧, ∂] = [ω∧, ∂¯] = 0, [ω∧, ∂†] = i∂¯, [ω∧, ∂¯†] = −i∂ (2.8a)[
ω∧, (ω∧)†
]
= 2(r − n) (2.8b)
where n = dimCM . Since the construction will be important for the superconformal case,
we give some detail now.
Verbitsky has demonstrated [23] the existence of an so(5) action on the cohomology
of hyper-Ka¨hler manifolds, extending the perhaps more familiar so(3) action, known to
mathematicians as the Lefschetz decomposition, existing in the Ka¨hler case. Through
the usual Hodge identification of cohomology with harmonic forms, and hence [9] with
supersymmetric ground states, it is apparent that these actions will simply be the R-
symmetry groups of our model. Indeed, [14] shows that the Ka¨hler and hyper-Ka¨hler
cases follow respectively from dimensional reduction of minimal supersymmetry in 4 and
6 dimensions.
In the Ka¨hler case we have a U(1) action of the complex structure on r-form states,
namely
(U(θ)α) (V1, . . . , Vr) = α(U(θ)V1, . . . , U(θ)Vr) (2.9)
where we defined
U(θ) = exp (iRθ), U(pi) = I
so that this is just the extension of the action αµ 7→ I νµ αν on 1-forms to the tensor product.
It follows that R acts on (p, q) forms as
R|Ωp,q = 12 (p− q) ⇒ R = − i2ψµ†I νµ ψν (2.10)
and in particular is hermitian, so that the group action is unitary. Using this action, we
construct new supercharges
Q˜ = I−1QI = i(∂¯ − ∂) := dI (2.11a)
Q˜† = I−1Q†I = i(∂† − ∂¯†). (2.11b)
Standard facts about Ka¨hler geometry, in particular ∆∂ = ∆∂¯ =
1
2∆d along with the
Ka¨hler identities (2.8) then imply that the only non-vanishing commutators are{
Q,Q†
}
=
{
Q˜, Q˜†
}
= 2H (2.12a)
[R,Q] = i2Q˜,
[
R, Q˜
]
= − i2Q. (2.12b)
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In particular, we get our N = (2, 2) supersymmetry algebra and R generates a U(1) R-
symmetry with half-integer charges.
To construct the SU(2) R-symmetry we further exploit the Ka¨hler identities. Defining
the operators
J+ = ω∧ = 12ωµνψµ†ψν† (2.13a)
J− = (J+)† = 12ωµνψ
νψµ (2.13b)
J3 =
1
2(r − n) = 12(ψµ†ψµ − n) (2.13c)
we immediately get the su(2) algebra as in [14]
[J+, J−] = 2J3, [J3, J±] = ±J±.
Furthermore, again by virtue of the Ka¨hler identities, su(2) commutes with H and the pairs
(Q, Q˜†) and (Q˜,Q†) transform as doublets. Finally, since the Ka¨hler form ω is of type (1,1),
the SU(2) and U(1) actions commute. Putting everything together, we see that a Ka¨hler
manifold admits N = (2, 2) supersymmetric quantum mechanics with an SU(2) × U(1)
R-symmetry acting purely on the fermions. Notice that J3 exists and generates a U(1)
R-symmetry even in the Riemannian N = (1, 1) case.
We mentioned in section 1 that a number of superconformal mechanical models with
four supercharges admit D(2, 1;α) invariance, which enjoys the larger SU(2) × SU(2)
R-symmetry. This appears to be strictly larger than our model admits, and the discrep-
ancy should arise from the subtle difference between N = (2, 2) and (0, 4) supersymmetry
in quantum mechanics. In (0, 4) the fermions form real representations of an SO(4) R-
symmetry, so this is certainly compatible with D(2, 1;α) (see [15] for a geometric construc-
tion). However, since the representation is real, there is no canonical splitting between
creation and annihilation operators in the Fock space quantisation (2.5) and it is therefore
difficult to see how an exterior algebra representation can be built in general. Indeed,
choosing such a splitting amounts to picking a preferred SU(2) from which to take the
Cartan generator J3, which breaks SU(2) × SU(2) → SU(2) × U(1). While this makes
an exterior algebra realisation of D(2, 1;α) seem unlikely, we do not absolutely rule out a
more subtle construction. Note that the resulting SU(2)×U(1) R-symmetry is exactly the
one which appears naturally in N = (2, 2) supersymmetry.
The hyper-Ka¨hler case now essentially follows from the above [14, 23]. For each com-
plex structure Ia we have an su(2)a and a u(1)a, giving a total of 8 real supercharges
Q,Q†, Qa, Qa†
satisfying the N = (4, 4) supersymmetry algebra. The new ingredient is the occurrence of
cross terms between the su(2)a and u(1)b parts of the algebra. In fact, a simple component
computation using the definitions (2.10, 2.13) gives the following commutators (notice that
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R− R+
JI+
JI−
J++J
+
−
J−+J
−
−
Figure 2.1. The root lattice of usp(4) in our basis.
each su(2)a has the same J3):[
Ja+, J
b
−
]
= 2
(
δabJ3 − iabcRc
)
(2.14a)[
Ja±, R
b
]
= −iabcJc± (2.14b)[
Ra, Rb
]
= −iabcRc. (2.14c)
It is simple to check that this does indeed give an so(5) R-symmetry. For instance, we can
choose a basis of roots by letting J3 and R
I span a Cartan subalgebra and defining
R± = RJ ± iRK , J±± = JJ± ± iJK± .
It follows from the commutation relations (2.14) that the root lattice of usp(4) may be
identified with figure 2.1. The supercharges may be collected into a single object Qi
transforming in the 4 of usp(4), so that the commutation relations read{
Qi, Q¯j
}
= 2δijH.
3 Extension to superconformal invariance
In extending the supersymmetric systems of section 2 to superconformal invariance, we will
really see the power of the geometric formalism. Michelson and Strominger have considered
a similar problem [15] in the case of (N , 0) superconformal invariance and our results are
largely parallel to theirs, though the method of derivation is rather different.
3.1 Conformal invariance
We start by looking for conditions for an so(2, 1) conformal algebra4 (D,H,K) represented
by hermitian operators on r-forms. We make the assumption that H = 12∆ as previously,
4We use the same notation for an operator and its corresponding geometric object whenever this does
not cause confusion. Hats will be added to operators where necessary.
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and since under D we have
Xµ 7→ Xµ + Dµ
we insist that D corresponds to the flow of some vector field D = Dµ(X)∂µ, that is to a
Lie derivative LD. More precisely, since this is not self-adjoint we make the ansatz
D =
i
2
(
L†D − LD
)
where for the moment L†D is defined formally and the factor of −i is in line with the other
natural first order operators Pµ = −i∂µ and Πµ = −i∇µ in the quantum mechanics.
Now H is a second order differential operator, D is first order and neither change
fermion number, so the desired commutation relations
[D,H] = 2iH, [D,K] = −2iK, [H,K] = −iD
force the special conformal generator K to be zeroth order in derivatives and fermions,
namely multiplication by some function K(X).
Using the fact that [LV , d] = 0 for any vector V , we find that
[D,H] = 2iH ⇔
[
LD, d†
]
= −2d†, (3.1)
which can be reduced to a commutation relation with the Hodge star and hence to a
statement about the flow of the volume form along D. The upshot is that we obtain the
desired commutation relation if and only if the vector field D is a homothety, so it satisfies
LDg = 2g. (3.2)
Unsurprisingly, since this didn’t really rest on any details of supersymmetry, this is the
same result as obtained in [15].
For any vector field satisfying LV g = λg for constant λ we can derive a much more
explicit formula
L†V
∣∣∣
Ωr
= (−1)r(m−r)+1 ∗ LV ∗ = λ(r − m2 )− LV (3.3)
for the adjoint. In particular, if V is an isometry then iLV is self-adjoint (this will be
important later) and we find that
Dˆ = −iLD + i(r − m2 ).
Using Cartan’s formula for the Lie derivative
LX = {iX , d}
along with the quantisation dictionary (2.6) this can be written in QM language as
Dˆ = ψµ†ΠµDνψν +Dµψµψν†Πν + i
(
ψµ†ψµ − m2
)
.
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The relation [D,K] = −2iK is equivalent to5
LDK = 2K (3.4)
but the remaining relation [H,K] = −iD is harder work. After a somewhat lengthy
calculation, we find that for a form α this reduces to:
[∆,K]α = −{d, i
d˜K
}
α+
{
d†, dK∧
}
α =
(
L†D − LD
)
α,
where d˜K is the vector field dual to dK, i.e d˜K
µ
= gµν∂νK. Using the Cartan formula
and its adjoint, we find that this holds if and only if
Dµ = ∂µK. (3.5)
Following [15] we call a homothety satisfying this extra constraint closed.6 Combining
equations (3.4) and (3.5) we find that
K = 12g
µν∂µK∂νK =
1
2 ||D||2. (3.6)
To sum up, we find the same conditions as [15], namely that our model admits an
so(2, 1) conformal invariance if and only if there is a closed homothety
LDg = 2g, Dµ = ∂µK, K = 12 ||D||2.
3.2 Extension of N = (1, 1) SUSY to su(1, 1|1) superconformal invariance
We now consider the superconformal version of the basic SUSY algebra on any Riemannian
M . su(1, 1|1) is a simple real superalgebra with bosonic part
u(1)⊕ su(1, 1) ∼= u(1)⊕ so(2, 1)
and a total of 4 fermions, with charges ±1/2 under J3, forming doublets (Q,S) and (Q†, S†)
of the conformal algebra (D,H,K). We have already seen that Q and Q† commute with
H, and from (3.1) we obtain
[D,Q] = iQ,
[
D,Q†
]
= iQ†.
We define the superconformal generators (S, S†) via the relation
[K,Q] = iS
from which we immediately calculate
S = idK∧ = iDµψµ† (3.7a)
S† = −iiD = −iDµψµ. (3.7b)
5Of course, K must be real so that Kˆ is hermitian.
6Exact might seem like a more sensible terminology, but there may be issues with K being a globally
well-defined function. See section 3.3 for a discussion in the Ka¨hler case.
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It is straightforward to check consistency of the remaining commutators. The non-vanishing
ones are7
[H,S] = −iQ, [D,S] = −iS, [J3, Q] = 12Q, [J3, S] = 12S (3.8a){
S, S†
}
= 2K,
{
Q,S†
}
= D − 2iJ3 (3.8b)
plus adjoints. In particular, notice that the
{
Q,S†
}
relation is just a rewriting of the
Cartan formula, so that this algebra really reflects the “natural” structure on M .
We find, in parallel with [15], that any Riemannian manifold admitting a conformal
symmetry in the sense of section 3.1 also admits an N = (1, 1) superconformal invariance
su(1, 1|1) with a U(1) R-symmetry acting only on fundamental fermions.
3.3 The Ka¨hler case: N = (2, 2) SUSY to u(1, 1|2) SCQM
We now look to extend the construction of section 3.2 to Ka¨hler geometry. Here the
relevant superalgebra turns out to be u(1, 1|2), which is not simple (more on this later). It
has bosonic part
u(1)⊕ u(1)⊕ so(2, 1)⊕ su(2)
of which we will see that SU(2) × U(1) forms a genuine R-symmetry and the remaining
U(1) is a global symmetry. There are 8 fermions: the supercharges (Q,Q†, Q˜, Q˜†) and their
so(2, 1) doublet partners, the superconformal generators.
We have two N = (1, 1) subalgebras with common bosonic part: one as in section 3.2
and one with all fermions replaced by their conjugation by I as in (2.11). In particular,
the second set of superconformal generators is
S˜ = (∂ − ∂¯)K∧ = −iψµ†I νµ Dν = ψı†Dı − ψı¯†D¯ı¯ (3.9a)
S˜† = −iiDI = −iDµI νµ ψν = Dıψı − D¯ı¯ψı¯ (3.9b)
where the indices (ı, ı¯) correspond to a complex coordinate system (Zı, Z¯ ı¯) and
D˜µ = I µν D
ν .
It is not entirely trivial that the secondN = (1, 1) subalgebra with conjugated fermions
has the correct commutation relations. We can see either geometrically (since dI is the
imaginary part of the Dolbeault operator ∂) or algebraically (from the Jacobi identity)
that obtaining the relation [
D, Q˜
]
= iQ˜
requires the homothety D to respect the complex structure. More precisely, we find the
equivalent conditions
[D,R] = 0, LDI = 0. (3.10)
This says, as in [15], that D is a holomorphic vector field, which in complex coordinates is
simply
D = Dı(Z)∂ı + D¯
ı¯(Z¯)∂¯ı¯.
7A complete list of commutation relations is given in the appendix.
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This constraint, on top of those from section 3.2, turns out to be sufficient to give our
second su(1, 1|1) subalgebra.
Notice that the constraint (3.10) implies a few more important geometric identities
which we make heavy use of. For the homothety D we have
LDg = 2g, LDI = 0 ⇒ LDω = 2ω (3.11)
while for D˜ we have
LD˜I = LD˜ω = LD˜g =
[
D, D˜
]
= 0, (3.12)
which says that D˜ is a holomorphic isometry. In particular, (3.3) says that the operator
ˆ˜D = −iLD˜ (3.13)
is self-adjoint. Moreover, (3.12) implies that D˜ commutes with absolutely everything and
hence generates a U(1) global symmetry.
We now have all the ingredients in place to construct the u(1, 1|2) superconformal
algebra. It consists of the two su(1, 1|1) subalgebras described above together with the
u(1) global symmetry (3.13), the u(1) R-symmetry (2.10) and the su(2) R-symmetry (2.13).
The bosonic parts of all these components commute, so it remains to check the cross-terms
between the two sets of fermions.8
As already explained in section 2, the correct relations for the supercharges are guar-
anteed by the Ka¨hler identities (2.8). The {S, S′} relations are straightforward, so we have
non-vanishing anticommutators{
Q˜, Q˜†
}
= 2H,
{
S˜, S˜†
}
= 2K (3.14)
The {Q,S′} relations are more complicated. Consider in particular{
Q, S˜
}
α =
[
(∂ + ∂¯)(∂ − ∂¯)K] ∧ α = −2∂∂¯K ∧ α (3.15)
for some r-form state α. This must close into another element of the superalgebra, so we’re
left with two options, the first of which is to demand that ∂∂¯K = 0. This is an extremely
strong constraint, forcing K to be the real part of a holomorphic function f . But this in
turn is incompatible with dK = g(D,−), since ∂ıK = ∂ıf is holomorphic while Dı = gı¯D¯
is most certainly not.
The second option is to ask that ∂∂¯K is a (1, 1) form already appearing in our algebra.
There is exactly one possible choice, namely the Ka¨hler form ω = J+, so we deduce that
K is the Ka¨hler potential
i∂∂¯K = ω. (3.16)
Notice that this solution also generalises nicely to the hyper-Ka¨hler case, where there is
a potential which is Ka¨hler with respect to each complex structure.9 The possibility of
8See the appendix for a full list of commutation relations.
9At least in our situation: this is discussed further in section 3.4.
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superconformal algebras corresponding to a hyper-Ka¨hler potential was also explored as a
torsion-free example in [15].
The remaining commutators can be deduced from those already obtained by taking
adjoints and splitting equations into holomorphic and antiholomorphic parts (which we
are allowed to do since both D and D˜ are holomorphic vector fields). The new nonzero
relations are {
Q, S˜
}
= −
{
Q˜, S
}
= 2iJ+ (3.17a){
Q, S˜†
}
= −
{
Q˜, S†
}
= D˜ (3.17b){
Q˜, S˜†
}
= D − 2iJ3 (3.17c)
and adjoints.
This completes our construction of u(1, 1|2). In particular, we find that the U(1) R-
symmetry R is not generated by anticommutators, and that the global symmetry D˜ is
central, so the algebra is not simple. The relationship of this structure to the natural
representation of u(1, 1|2) by supermatrices is given in the appendix.
To sum up, we find that our model admits a u(1, 1|2) superconformal invariance if and
only if the target space is Ka¨hler and the conditions for su(1, 1|1) invariance as in section
3.2 are met, with the extra constraints that the homothety is holomorphic and K is the
Ka¨hler potential.
As remarked earlier, the Ka¨hler potential is not really a well-defined function and we
should be careful what we mean by this. As a section of a line bundle over M , it is defined
only up to addition of the real part of a holomorphic function φ(Z). Since our closed
homothety only depends on the first derivative of K, such a transformation induces
Dı 7→ Dı + gı¯∂¯φ
which does not preserve the holomorphy of D unless φ is constant. In our situation we can
fix the problematic redundancy by asking that K = −µ is the moment map with respect
to ω of our Hamiltonian isometry D˜, so
dK = −iD˜ω.
In particular, such a K is defined up to addition of a constant and the homothety it induces
is holomorphic. This option will actually be forced upon us in the hyper-Ka¨hler case.10
3.4 The hyper-Ka¨hler case: N = (4, 4) SUSY to osp(4|4) SCQM
Finally we come to the hyper-Ka¨hler case. The superconformal algebra here is a real form
of the simple algebra osp(4|4) with bosonic part
so(2, 1)⊕ su(2)⊕ usp(4).
10Of course, defining moment maps globally requires a trivial cohomology group H1(M). We will ignore
this subtlety in this paper, but it can be important.
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There are 16 fermions in total: the supercharges Qiα and superconformal generators Sjβ.
As the notation suggests, these each transform in the irreducible real representation 4⊗2 of
usp(4)⊕ su(2), and each pair (Qiα, Siα) forms an sl(2,R) doublet. Slightly more explicitly,
Qiα contains the generators (Q,Q†, Qa, Qa†) where, as in section 2, a = 1, 2, 3 indexes the
three complex structures Ia.
We have already constructed all the necessary ingredients of this algebra: we simply
take three copies of the u(1, 1|2) Ka¨hler case, one for each complex structure, with the
additional requirement that the homothety D is triholomorphic
LDIa = 0.
The usp(4) ∼= so(5) R-symmetry is just the algebra (2.14) identified by Verbitsky [23].
Of course, there are cross-terms between the N = (2, 2) subalgebras. In particular, it
is no longer true that the U(1) symmetries generated by the Killing vectors Da are central.
They combine to form an su(2), but this turns out to be the wrong su(2) in that it doesn’t
decouple from usp(4). We will see that this can be remedied by a smart choice of linear
combinations of generators.
Some important geometric identities are:
iDaω
b =− δabdK − abcdcK (3.18a)
LDaωb =− 2abcωc (3.18b)
LDaIb =− 2abcIc (3.18c)[
Da, Db
]
=− 2abcDc, (3.18d)
where ωa is the Ka¨hler form defined with respect to Ia.
The consistency of all three Ka¨hler subalgebras requires the existence of a hyper-Ka¨hler
potential: a single function (at least up to the ambiguities discussed in section 3.3) K which
is a Ka¨hler potential for each complex structure. In contrast to the Ka¨hler case, this is
no longer a trivial requirement. The relevant result is that of [2], where it is shown that a
hyper-Ka¨hler potential exists if and only if there is an isometric SU(2) action permuting
the complex structures and generated by vector fields XI , XJ , XK such that X = IXI is
independent of choice of complex structure I. Furthermore, the hyper-Ka¨hler potential is
then the moment map with respect to this SU(2) action, i.e
iXIω
I = iXJω
J = iXKω
K = −dK.
Our conditions (3.11, 3.12, 3.18) are easily seen to imply this, taking X = D.
From the geometry (3.18) we immediately obtain[
Dˆa, Dˆb
]
= 2iabcDˆc (3.19a)[
Da, Jb+
]
= 2iabcJc+ (3.19b)[
Da, Sb
]
= 2iabcSc (3.19c)
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and adjoints. The remaining commutation relations can now all be obtained using the
Jacobi identity and results from the Ka¨hler case, and a complete list of the results is given
in the appendix.
We still need to verify the decoupling of the su(2) and usp(4) subalgebras. Notice that
the problematic commutators all have the form[
Da,Ob
]
= λabcOc = −12
[
Ra,Ob
]
so that the su(2) generated by
T a = Da + 2Ra (3.20)
decouples from usp(4). Furthermore, it is easy to verify that the fermions form the correct
representations of each bosonic subalgebra. In terms of the objects Qiα and Sjβ, the
fermion anticommutators can be expressed as:{
Qiα, Qjβ
}
= 2δijδ
α
βH (3.21a){
Siα, Sjβ
}
= 2δijδ
α
βK (3.21b){
Qiα, Sjβ
}
= δijδ
α
βD − 2iJ imjtmδαβ + jαaβT aδij . (3.21c)
Here m = 1, . . . , 10 labels the adjoint of usp(4), for which tm are a basis of generators, and
ja,Jm are matrix generators of su(2) and usp(4) in the fundamental representation.
To conclude, we find that our model admits an osp(4|4) superconformal invariance if
and only if M is hyper-Ka¨hler and has a triholomorphic homothety D whose dual 1-form
is derived from the hyper-Ka¨hler potential K. This structure reduces self-consistently to
u(1, 1|2), the Ka¨hler case, and to su(1, 1|1), the generic Riemannian case, by “forgetting
about the extra complex structures”.
3.5 Example: instanton quantum mechanics
BFSS matrix mechanics [24] describes M-theory in terms of the quantum mechanics of k
D0-branes, via the discrete light cone quantisation (DLCQ) technique. In [1] this approach
is applied to the (2, 0) superconformal field theory living on a stack of N M5-branes.
The DLCQ procedure leads to the worldvolume theory of k D0-branes inside N D4-branes,
which at low energies reduces to quantum mechanics on the moduli spaceMk,N of k SU(N)
Yang-Mills instantons on R4 [25]. The brane configuration preserves 8 supercharges and
so the quantum mechanics is an N = (4, 4) model of the type we are considering here. [1]
argues that in fact the DLCQ retains a superconformal invariance from the (2, 0) theory:
we claim that it must fit into our construction since the supersymmetry is of the correct
form and our expressions for Kˆ agree.
The moduli space of instantons is obtained as a hyper-Ka¨hler quotient of flat space
R4k(N+k) via the ADHM construction [2, 26]. Flat 4l-dimensional space provides a trivial
example of our construction since we can split the coordinates Xµ as l quaternions Xiαα˙
transforming in the 2⊗ 2 of SU(2). The hyper-Ka¨hler potential is just
K = 12
∑
µ
(Xµ)2
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and the vector fields Da are induced from the right SU(2) action. Explicitly
D = Xµ∂µ, D
a = −iXiαα˙σaβ˙α˙ ∂iαβ˙,
where σa are the Pauli matrices.
The vector fields D and Da preserve the moment map condition µ = 0 for the auxiliary
U(k) action in the ADHM construction. Put another way, the ADHM equations, which in
the notation of [27] are the three k × k matrix equations
σcβ˙α˙
(
w¯α˙wβ˙ + a¯
′α˙αa′
αβ˙
)
= µc = 0
with a′αα˙ an Hermitian k × k matrix and wα˙ a complex N × k matrix , are homogeneous
of degree 2 under uniform rescalings of the variables and invariant under right SU(2)
transformations. D and Da therefore restrict naturally to vector fields on Mk,N via the
projection
pi : µ−1(0)→ µ
−1(0)
U(k)
. (3.22)
As explained in [2], the metric, Ka¨hler forms and complex structures of Mk,N are also
inherited from R4k(N+k) in this way. We also know that, on the level set µ−1(0), our
homothety satisfies
g(XA, D) = ω
a(XA, D
a) = LDaµAa = 0, g(IaXA, D) = LDµAa = 2µAa = 0, (3.23)
where XA are the vector fields generating the U(k) action and µ
Aa is the moment map
corresponding to XA and ω
a. Note that this would not be true for a generic choice of
level set µ−1(λ), as one uses for the non-commutative resolution of Mk,N , so we have a
geometric understanding of the breaking of conformal invariance in this circumstance.
Since D satisfies the orthogonality conditions (3.23) its projection to the quotient
space is essentially trivial, ensuring that the homothety and triholomorphy are preserved
by the quotient construction. Similar statements can be made for the isometries Da. It’s
important here that the Ka¨hler structure on the quotient space is just defined by orthogonal
projection from the principal U(k)-bundle (3.22). Finally, we know that the hyper-Ka¨hler
potential K ′ on the quotient space is just that of R4k(N+k) evaluated on a solution of the
ADHM equations [2]. But it must also be the moment map for the SU(2) action, so that
dK ′ = −iDaωa = g(D,−)
and the homothety remains closed.
These results are sufficient to guarantee the osp(4|4) invariance of quantum mechanics
on Mk,N . Furthermore, since the Ka¨hler potential is given in a simple way in terms of
that of R4k(N+k) it is possible, at least in principle, to give reasonably explicit formulae for
the generators. In particular, our construction reproduces the expressions given in [1].
As a closing remark, notice that everything said above applies to more general hyper-
Ka¨hler quotients. Given an osp(4|4) invariant system with a triholomorphic isometric
action of a group G, we can take the hyper-Ka¨hler quotient and obtain another one if the
moment map equations µ = 0 of the G-action are preserved by the homothety and its
associated SU(2) action.
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Appendices
Throughout this section r is the degree of a differential form and, in the complex case,
(p, q) is its bidegree. m is the real dimension of M and n is its complex dimension. All
bosonic operators are self-adjoint. For the sake of brevity we only display non-vanishing
commutators, and do not show commutators which are just given as adjoints of ones we
have shown.
A su(1, 1|1)
This algebra occurs in the Riemannian case with N = (1, 1) supersymmetry. The bosonic
generators are:
Dˆ = −iLD + i
(
p− m2
)
= Dµψµψ
ν†Πν + ψµ†ΠµDνψν + i
(
ψµ†ψµ − m2
)
H = 12∆ =
1
2
(
ψµ†ΠµΠνψν + Πµψµψν†Πν
)
Kˆ = 12 ||D||2 = 12gµν∂µK∂νK
J3 =
1
2
(
p− m2
)
= 12
(
ψµ†ψµ − m2
)
.
The fermionic generators are:
Q = d = iψµ†Πµ, Q† = d† = −iΠµψµ
S = idK∧ = i∂µKψµ†, S† = −iiD = −iDµψµ.
The non-vanishing commutators are:
[D,H] = 2iH, [D,K] = −2iK, [H,K] = −iD
[D,Q] = iQ, [D,S] = −iS, [H,S] = −iQ, [K,Q] = iS
[J3, Q] =
1
2Q, [J3, S] =
1
2S{
Q,Q†
}
= 2H,
{
S, S†
}
= 2K,
{
Q,S†
}
= D − 2iJ3.
B u(1, 1|2)
This algebra appears in the Ka¨hler N = (2, 2) case. As a real form of gl(2|2) it is not
simple, but has two u(1) factors which could be quotiented out to produce the simple
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algebra psu(1, 1|2) [28]. In terms of the natural representation by supermatrices, the u(1)
factors are:
• The supertrace, which commutes with all bosonic generators but not with the fermions,
hence corresponds to the U(1) R-symmetry R. It is not generated by any commuta-
tors so can be self-consistently ignored, but there is no good reason to do so.
• The trace, which is central so generates a U(1) global symmetry corresponding to D˜.
This is generated by anticommutators, so removing it requires a formal quotient. In
particular, there is no way to construct a faithful representation of psu(1, 1|2) from an
associative algebra, so in our case we are forced to include this U(1). This discussion
is analagous to what happens in N = 4 SYM in 4 dimensions.
In addition to those operators occurring in su(1, 1|1), we have bosonic operators:
J+ = ω∧ = 12ωµνψµ†ψν†
J− = (ω∧)† = 12ωµνψνψµ
R = 12 (p− q) = − i2ψµ†I νµ ψν
ˆ˜D = −iLD˜ = DρI µρ ψµψν†Πν + ψµ†ΠµDρI νρ ψν .
The new fermionic operators are:
Q˜ = i(∂¯ − ∂) = −iψµ†I νµ Πν , Q˜† = i(∂† − ∂¯†) = −iΠνI νµ ψµ
S˜ = (∂ − ∂¯)K∧ = −i∂µKI µν ψν†, S˜† = −iiDI = −iDµI νµ ψν .
The new non-vanishing commutators are:
[J+, J−] = 2J3, [J3, J±] = ±J±,
[
J3, Q˜
]
= 12Q˜,
[
J3, S˜
]
= 12 S˜[
D, Q˜
]
= iQ˜,
[
D, S˜
]
= −iS˜,
[
H, S˜
]
= −iQ˜,
[
K, Q˜
]
= iS˜
[R,Q] = i2Q˜,
[
R, Q˜
]
= − i2Q, [R,S] = i2 S˜,
[
R, S˜
]
= − i2S[
J+, Q
†
]
= Q˜,
[
J+, Q˜
†
]
= −Q,
[
J+, S
†
]
= S˜,
[
J+, S˜
†
]
= −S{
Q˜, Q˜†
}
= 2H,
{
S˜, S˜†
}
= 2K{
Q, S˜†
}
= −
{
Q˜, S†
}
= D˜,
{
Q˜, S˜†
}
= D − 2iJ3{
Q, S˜
}
= −
{
Q˜, S
}
= 2iJ+.
C osp(4|4)
This simple algebra appears in the N = (4, 4) hyper-Ka¨hler case. More precisely, we get
a real form with bosonic part sl(2,R) ⊕ su(2) ⊕ usp(4). It contains three copies of the
Ka¨hler case whose operators and commutation relations can be read off from appendix B
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by replacing each occurrence of the complex structure I with Ia (a = 1, 2, 3). We also
define the linear combinations
T a = Da + 2Ra
to decouple su(2) from usp(4).
The remaining non-vanishing commutators correspond to expressions with two differ-
ent complex structures. These are:[
T a, T b
]
= 2iabcT c,
[
Ja+, J
b
−
]
= 2
(
δabJ3 − iabcRc
)
[
Ra, Jb+
]
= −iabcJc+,
[
Ra, Rb
]
= −iabcRc[
T a, Qb
]
= −i
(
δabQ− abcQc
)
,
[
T a, Sb
]
= −i
(
δabS − abcSc
)
[
Ra, Qb
]
= − i2
(
δabQ+ abcQc
)
,
[
Ra, Sb
]
= − i2
(
δabS + abcSc
)
[
Ja+, Q
b†
]
= −δabQ− abcQc,
[
Ja+, S
b†
]
= −δab − abcSc{
Qa, Qb†
}
= 2δabH,
{
Sa, Sb†
}
= 2δabK,
{
Qa, Sb
}
= −2iabcJc+{
Qa, Sb†
}
= δab (D − 2iJ3) + abc (2Rc + T c) .
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